1. By a theorem of Perron, a non-negative irreducible (n x «) matrix A = (a,, v ) has a positive fundamental root a, the " maximal root of A ", such that the moduli of all other eigenvalues of A do not exceed a. If we put 
By a theorem of Frobenius, to a as an eigenvalue of A belongs a positive
For certain purposes a good estimate of the quotient
In what follows we shall improve the estimates which we gave for y in 1952 for positive matrices (3) f and also an upper estimate of H. Schneider (4) for non-negative matrices.! Our results are contained in (10), (11), (13), (14), (22), (23) and (29)-(33).
2. After making a permissible cogredient permutation of indices and a convenient norming of £,, we can assume that 0
Choosing another norming we obtain an eigenvector rj = (y lt ..., y n ) for which -^y n >0 This result can be improved to a certain extent and generalised to the case of non-negative matrices with a pv >0 (n =£ v) if we use the values of KTJ and K 2 . We prove in this case, if /q ^ K 2 
which is a better estimate than (10) and also holds for /q = 0.
A still more precise result is obtained if we introduce
Then we prove that
(11) is obviously contained in (13) and it suffices to prove (13 Here, the second fraction is increasing or decreasing with a according as (M 2 -My) -(K 2 -Ky) is positive or negative. In the first case a can be replaced by any upper bound as, for instance, R p . In the second case we have to replace a by a lower bound such as r p .
5.
We consider now an irreducible non-negative matrix A for which K 2 could also be zero. We have from (3) that, for an a^ ^ 0, \i ^ v,
We now assert that there exists a sequence of indices, n = fi 0 , /i^, /i 2 , ..., H k -i, such that n 7^ /z x ^ y. 2 If we put now we have from (17) that
6. Multiplying all inequalities in (19) and using (5) Here we have k^n-l and all //, are distinct. We therefore obtain from (7) the result:
If the expressions -r-!r in decreasing order are denoted by .00 then^2^.
"n max(l, ip v ).
El v = 2
Introducing here K X and K we obtain the bound found by H. Schneider (4), namely, / _ .. \n-l
.(23)
since, as is easy to see from (15) for /*= 1,
We show now by a fairly general example that in (22) and (23) 
Since all x, are positive, (24) gives (a-Kj)" = K 
. (28) use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0013091500025293
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If we here take K ( 2 ) 
and by (27) the equality sign holds in (23).
8. We now choose n in (3) such that R = R w . Then by (5) where for /x = 1 we write 0 for a Ml . In any case it follows that
As a/R^l, we do not decrease the right-hand bound by replacing a^ by K and so
Here a can be replaced by any upper bound, for instance an R p .
On the other hand, taking n in (3) such that r = R w , we have
where for \i = n we write 0 for a^. 
The inequah'ties (29), (30), (31) hold, by continuity, in the case of non-negative irreducible matrices.
In particular we obtain the estimate depending only on R and r, namely, 
here a can be replaced by any upper bound, for instance, R p .
